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THEORY OF ARCHES. 



The following is an amplification and ex- 
planation of Professor Hankine's chapters 
on this subject. 

Perhaps the clearest way of developing 
the " Theory of Arches " is to begin with 
the consideration of the forces which act 
upon a suspended chain or cord. The 
force in the chain or cord is just the oppo- 
site of that upon an arch— that is, it is ten- 
sion instead of compression, but the rela- 
tions between the " external" and "inter- 
nal " forces, or what is the same, between 
the loads and the resistances they produce, 
are strictly analogous. 

Let A B (Fig. 1) be a cord suspended 
at C and B and loaded in any manner over 
its whole length. Consider the forces act- 
ing on this cord. Suppose it attached to 



a hook at B and to another at C. A cord 
without stiffness cannot exert a pull excepl 
in the direction of its length : therefore the 
" pulls" in the rope at and B, and exerted 
at these points on the suspending hooks, 
must be in the direction of the tangents a< 
those points. The load is supposed to be 

Fig. 1. 




distributed over the cord, but we may find 
its resultant. Let P be this resultant and 
P F its direction. The three forces, viz. : 
the pulls at C and B, and the resultant of 
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the load, P, are all in the same vertical 
plane; they are the only forces acting on 
the cord ; and as they are in equilibrium, 
the directions of these three forces must 
meet in one point, and the forces themselves 
must be proportional to the three sides of a 
triangle drawn parallel to their directions. 
G N F (Fig. 1 ) is such a triangle. The 
known directions of the pulls at B and C, 
and of P, give ua the angles iu thia tri- 
angle ; and if we know also the magnitude 
of the load P, represented by the line G F, 
we can determine that of the pulls at 6 and 
C. For 



(PullatB=GN) :GF : 
iPoll »t C=S F> .OF : : 



iin G F N : i 
nNGF : s: 



a GNF. 
ONF. 



The analysis we have made for the whole 
cord may be applied to any part of it. 
Thus, if we consider any arc B' A' (Fig. 2) 
of the cord, and the load on that arc, we 
have three forces in the same plane in equi- 
librium. For at A' and B' the other parts 
of th© cord may be replaced by two hooks, 
and the pulls on these hooks, exerted by 
the cord at A' and B', will be, as before, iu 




the direction of the tangents at those points. 
The resultant P' of the load on A' B' must 
pass through the point of intersection of the 
tangents, and if the direction of that re- 
sultant be as indicated in the figure, then 
G' N' F will be the triangle of forces. 




The principles above explained enable us 
to calculate the " pulls " at all points of a 
loaded chain or cord, and consequently to 
fix its size and strength to bear a given 
load ; or to determine the amount, distribu- 
tion, and direction of the load necessary t 



' 



produce 
given shape. 

Thus suppose 
of (Pig. 1) we ( 
fi (as is done 



ed "pulls 



;ord of a 



, the half of the loaded cord 
aw the tangents at A and 
Fig. 3;, the resultant 



ad 



the load P mutt pass through F, the point 
of intersection of the tangents, If the di- 
rection and amount of P be known, lay off 







F Q to represent it. Then, as above ex- 
plained, 

N F = pnU at A 
and 

N G = pull at B. 

Suppose, on the other hand, we assume 
the pulls at A and B to be equal, we lay off 
on the two tangents (Fig. 4), equal lengths, 
F 8 and F N, to represent these equal pulls, 
and upon them construct a parallelogram. 
Then F G gives the magnitude and direc- 
tion of the resultant of the load that must 
be put on the cord to produce the given 
pulls. 
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A cord is in equilibrium when it is 
balanced under the load applied. Change 
the distribution of the load and the cord 

Fig. 4. 




at once charges shape and assumes the 
form necessary to equilibrium under the 
new load. 

Thus, if P (Fig. 5) equals the direction of 
the resultant of the new load on the cord 
from the horizontal point A to the point of 
support B, draw the tangent A F, until it 
meets the direction of the load P, at F ; 
then draw F B. The cord A B will have 
so changed its form that F B (Fig. 5) will 
now be the direction of the tangent at B. 




Let us now investigate the various curveB 
which a cord will assume un< 
distributions of the load. 




ire /. Suppose the load to be altogether 
il, and to be distributed uniformly 
along the horizontal. 

Let equal weights be hung, for instance, 
along a cord C B (Fig. 6) so that the hori- 
zontal distance between the threads bj 
which the weights ate suspended shall be 
everywhere equal. Or, draw little elemen- 
tary triangles along the curve, so that the 






Ifuta ot all these little triangles shall be 
equal, and let the threads holding the 
weight* cut the middle of these bases . 
Then each weight ma; be considered as the 
resultant of the load on the element of the 
curve which constitutes the hypothenuse of 
the little triangle to which it is attached. 
Huch a load is vertical and is uniformly 
distributed along the horizontal. 

Fio. 6. 



" 1 i it u .1 • * 



To determine the curve of the cord. Ob- 
tain the resultant of the load between the 
horizontal point A and the point B (Fig. 7) ■ 
This resultant, as the little forces are all 
parallel, is equal to the sum of them, and 
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it is vertical in direction. It will also evi- 
dently bisect A T. Draw it; and from its 
point of intersection with A T, draw the 
line F B, which, as has been shown, must 
be tangent at B. Prolong B F to I, then 
the subtangent I J is seen to be bisected at 
the vertex A of the curve. Hence the curve 
C B is a parabola. 

Fig. 7. 




The triangle B F T has its sides parallel 

to the forces acting on the half cord A B ; 

so that if B T be taken to represent P, 

BF = pull at B 
FT=pullatA. 
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Let T = eqwal tea«m si awvpni aLaeg the 
H = valae<tf Tat 1*» 



sail* QtAi 
i = ndnwtaoB of A* taagea* aft mj pout 
to the 



Them as the arc A F (Fig. 7) may stud 
Cor any part of the curve counting from 
the horiaontal point A towards one of the 
points of suspension, we hare die following 
general equations from the triangle BFT: 

1*=^ + ^ (L) 

Tani — — — *? — **- ID 

(j> being = the load per unit of horizon- 
tal distance, A the origin of co-ordinates, 
A T = axis of X and A J = axis of y). 

From equations (1) and (2) we can solve 
three problems. 

1. Given the curve, and the load, to find 
TandH. 

2* Given the curve, and T and H, to find 
P. 

3. Given the had, and T and H, to find 
the curve. 



IS 



For a full discussion of this case, see 
Rankine's " Civil Engineering." 

Such a distribution of the load as we have 
discussed in the above case, is approximated 
to in suspension bridges, and sometimes in 
wood, iron, or steel arches, but not usually 
in stone or brick ones. 

Fig. 8. 




Case II Let the load still be vertical, 
but distributed uniformly along the curve. 

That is, divide the arc CAB (Fig. 8) 
into elements each of a unit in length; then 
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the load on these elements is constant 
throughout It is easily seen that such a 
load is not, as in the last case, uniform 
along the horizontal, for the bases of the 
little triangles of which the hypothenuses 
are now equal, diminish in extent as we 
go from A towards B or C. A chain of uni- 
form material and cross-section and acted on 
by nothing but its own weight, is in the 
condition described, and, as is well known, 
the curve assumed by it is the " common 
catenary." 

Lot p — weight of a unit's length of the 
cord, then if p m «= horizontal pull on the 
cord at A — H, m is called the modulus of 
the catenary, and represents the length of 
cord of the same kind as C B, the weight 
of which would equal the pull at A. The 
weight on A B -=» P* p s when s = length 
of cord A B. 

The triangle of forces for any arc A D 
(Fig. 9) can be found as before, by drawing 
the tangents at A and D, and the line rep- 
resenting the force P vertically through 
their intersections. The triangle DFT 
will represent the forces ; D T being = P 
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p s, and F T= H = p m, and D E 
tension at D. Then 

Fig. 9. 



= T 




T* =H*+P* ==p* ro»+j>*s*=:p* (8*+m*) (3.) 
DT ps 8 dy 






FT pm m dx 
From the differential equation 

dv 8 



(4.) 



dx 



m 



we obtain the linear equation of the curve. 
In doing so it is most convenient to take the 
origin at a point 0, whose distance below 
the vertex A is = m. The line QOX 
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(Fig. 10) is called the directrix of the cate- 
nary. 

The equations of the catenary are 

#-— Jip-5 F -^?=^FF^ f = length* 
2 j;E*-E «£— of arc. ^5.) 

m C x _ x } 

y=YJE»+E TrJ=»v**i-w»' (6.) 



as =* m. hy. log. 






(7.) 



Area AO ED = /i/dx= m» (8.) 

* ta «-5T=*{E£-B-S-} (9 . 

Radius of cnrv. = n = -£—-- — - — (1©.) 

Since the area A0ED=m«, and m 
= a constant, the area varies as 8. But 
the load on the arc A D (=ps) also varies as 
8, since /> is constant. Hence a convenient 
mode of representing the load on any arc, 
A D. Suppose a sheet of metal C Q T B A C 
(Fig. 10), bounded below by the "directrix," 
Q T, to be suspended from the curve. Let 

* E = Base of Xaperian Logarithms. 
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the weight of this metal corresponding to 
m units of its surface be = p. That is, let 



tcm=p, or io ass -*-•• 




The weight of a strip a unit in breadth 
extending from A to is then = p = the 
weight of a unit's length of the cord. Then 
the part of the sheet A D E whose weight 
= wm s=p 8, represents the weight P on 
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the arc A I). So A O B T represents the 
weight on A B, and CQTB the whole 
weight on CAB. In the horizontal pull at 
Awe bare 

and nt any point D 

T»VH*+P« =Pi/i'+n'=py=Kny. (12) 
The property above explained may bo 
Qliutmted in another way. 




Construct on AB (Fig. 11) a series of little 
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triangles with all their bat<a equal. Let 
the weights of the little arcs constituting the 
hypothenuses of theBe triangles be repre- 
sented by balls suspended by threads from 
the middle of each little arc. Take the 
length of the thread corresponding to the 
ball at A as = m ; make the lengths of all 
the threads proportional to the weights of 
the balls hung to them ; then the lower 
ends of these lines will all be on the direc- 
trix X. That is, the intensity of the load 
on a catenary along the horizontal line 
{= weight on a unit of horizontal distance) 
varies as the ordmates of the catenary, 
when those ordinates are measured from 
the directrix. 

It makes no difference in the form of the 
curve A B (Fig. 1 1), to increase or diminish 
the weights provided the proportion among 
them is preserved. Thus we may assume 
the cord and the sheet C Q T B (Fig 10), to 
be of a different material in which a unit's 
length of the cord shall in weight = p', and 
the weight of the sheet per unit of surface 
shall = w', and A B will be unchanged. 
Note, however, that we cannot change the 









20 



d*p*h A O of the sheet (Fig. 10>, nee tk» 
I**** of th* lines Fxg. 11), without A«?- 
in* th* enrve, lor if the lines ended in O' X' 

for m*tance, instead of O X. them ^ K 

would w>< be equal to -^ 

H*™*, the mo<Mus (ro*AO) fixes the 
tofot&ry, or if we assume the catenary, this 
determine* the modulus. Thus if we as- 
sume three points, B, A, C (Fig. 10), on the 
efttenary the distance A O is thereby deter- 
mined ; and if we assume A O and the 
point A w* cannot generally assume B and 
C, 

This often interferes with the use of the 
"'Onimon catenary" in the building of 
arches fin which case the curve is inverted, 
the metal sheet AOTDis replaced by a 
wall of uniform material, and the tension 
on its cord, C B (Fig. 10), is replaced by a 
thrust along CAB (Fig. 12)]. For we are 
often compelled to make the curve pass 
through three points, while yet the value of 
A is fixed. 

^ut this difficulty may be obviated by the 
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use of the transformed catenary, which we 
will now discuss. 




Case III By the principle of Parallel 
Projections, if any cord or arched rib is 
balanced under a system of forces which 
are represented in the figure by lines, and 
a parallel projection be made of the curve 
of the cord or rib and of the lines represent- 
ing the forces, then the new curve will rep- 
resent a cord or rib that will be balanced 
under the forces represented by the new 
lines. 



.>.-> 



Imagine a cylindrical surface coiisirarsed 
upon CQTB AC (Fig. 10) as a base. To 
simplify matters, suppose the elements of 
the cylinder to be perpendicular to the 
plane of the base. Cut this cylinder by a 
plane inclined to the base, and we shall 
get a "Transformed Catenary," and the 
shape of the sheet of metal under which it 
wOl be balanced ; for the new curve and 
surface cut out by the inclined plane are the 
parallel projection* of the curve CAB and 
the surface C a T B A C (Fig. 10 ; . Let 
this inclined plane be so placed that it shall 
intersect the plane of the base in the 
straight line C B (Fig. 10) or in one paral- 
lel to it Then all horizontal lines (or 
those parallel to C B or Q T) will be un- 
changed in length in the parallel projection, 
while all vertical lines (those parallel to 
A 0, etc.) will be lengthened in a constant 
ratio whose magnitude will depend upon the 
inclination of the cutting plane. Make a 
vertical section of the cylinder on the line OY. 
Then if the cutting plane passes though 
B we get the triangle U Y (Fig. 13a) 
cut out of the wedge to which the cylinder 
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reduces in this case. In the triangle, U*V 
is the ordinate of the vertex of the trans- 
formed catenary corresponding to A in 

Fig 13 (ji). 




the common catenary, and all lines parallel 
to U V are evidently increased over the 
corresponding ones of which they are the 
parallel projections, in the same ratio that 
U Y exceeds A. Laid down in the same 
plane the two curves are CABandC'A'B' 
(Kg. 13 b). 

It is easy to pass from a given catenary 
to a transformed catenary whose ordinate* 
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aha]} be shorter instead of longer than 
those of the given curre, bj erecting an ob- 
lique cylinder on the given catenary and 

m 

surface CQTB, and catting it by a plane 

Fig. 13 Q> . 




* r E T 

less oblique than the base. So too, the hori- 
zontal dimensions can be changed instead 
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of the vertical, by making the cutting plane 
meet the base in a line parallel to Y, 
instead of in one parallel to Q T. 

The equations of the curve 0' A' B' (Fig. 
13 b,) are thus obtained. The abscissas are 
the same as those in C A B, but the ordi- 
nates are changed, so that (if y' = general 
ordinate of 0' A' B' and y — A' 0, the 
ordinate at the vertex A') 

y". y : : A'O : AO : : y Q : ro. 

. • . y'= *— . y or y = y' 

9 m * * * y 

In the equations of the common catenary 
substitute y' for y and we have the equa- 
tions of 0' A' B\ 

From equation (6) 

So equation (7) becomes 
x = m hy. log. J j/ 1 / y* > (14. > 

So equation (8) or area A' E D'. 

-Jyd*~ — j E » -E-m[ (l&) 

etc., etc., etc. 




<*ui 



'M 



"g^" 1 






^1 
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Case IV. So far we have discussed 
the forma of cords under loads para/M and 
altogether vertical. Let us take up the 
cases of loads varying in direction. 

Suppose (as Case IV.) that the load be 
uniform and normal at every point to the 
cord. Such a load ia represented in (Fig. 
14), the load on each element d ■>■ of the 
curve being constant and perpendicular to 



It is first to be noted that the pull or 
sion on a cord under any load which ia 
everywhere normal to it, must be constant. 
That is, the pull along the cord at A and 
B, and at all other points, is one and the 
tame. That the tension at B in the cases 



-*<• 



pr^rjnnniy flfwmweil is greasr dxaa. as A r 
.h ^n* w die 5tet thar die frii»iin»n3 of the 
>vui -v^v^u A ami B oaro in thi»e earn 
UMgentlnl WBL-pMieaz&r which go 3> e&ange 
<5w ?*oi* <A die pall along die cord. Bfct 
*ft &e pnaieftt <Htte, the load being erery- 
y*h';f, rnvrnutl, there are no such tangential 
^AnvponenSi, and therefore the u poll "* does 

Yta. IS. 



-=r > - 
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9 any two adjoining elements of the 




cord d s (= D E, Fig. 15) and i*'(=EI 
Fig. 15), each of such length as to corres- 
pond to equal elements of the load. Tho 
little loads on these lines we will represent 
by p d s, and p d #'. Noto, that unless 
tho load bo uniform all around the cord, 
d a will not be equal to d s'. The equal 
loads p d s and p' d s' being normal res- 
pectively to D E and E F, their resultant 
which lies in the direction E (Fig. 15) 
bisects the single between p d s and p' d s', 
and also the angle D E F between d s and 
d »', which last is the angle between the di- 
rection of the pulls T and T ou the cord at 
D F. Hence the parallelogram of forces 
(as shown at E) will be a rhombus, or 



Again, take three elements, D E, E F, 
F H (Fig. 16), of the cord, each bearing the 
normal load pds = pda=pds. la 
place of the little arcs, we use for clearness 
the chords of those tires. Since the load 
around the whole curve CAB (Fig. 14) ia 
supposed to be uniform, the arcs boaring 
the equal elements (pds) of that load must 



SI- 



%ux**, few** vzwA. T«T. SsiioE & 
te«** ciUM l~ JL X J. mid J H **il ■■ ■ ■ng f 




flf vir, ^rr^rj '/tL«r psee* of the ootd eanfain- 
**£ ?&f ** *A*xs&ut% wOl assume exactly the 
«m/>? *>/p* )wMI, tdnee each such piece 
»*«*•► equal J> 11 in length and most be 
a^t^l on hy an equal and precisely wmi> r 
nynUsrn of lon&n. Consequently, the little 
i\v/r*\% D E, etc., must constitute a regular 
pobj'j'm, and the curve in which they are 
jfjwrsbwl must be constant in curvature, 
in oth<;r words — a circfe. 

Therefore the curve of the cord CAB 
(Fi#, 14) is the arc of a circle. 
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To form the triangle of forces for any 
point of a loaded circle as for A D (Fig. 17), 

Fig. 17. / 




draw the tangents at the extremities A and 
D. From the intersection, F, of these, lay 
off F N = F S, to represent the equal pulls 
at A and D. Then the diagonal F G=the 
resultant of the load, and the triangle 
F N G or F S G represents the forces acting 
on AD. 

It is often easier to deal with a uniform 
normal load by resolving it into its vertical 
and horizontal components. The load on 
an element T> E = as of the quadrant A B 
(Fig. 18) is =p d 8. The horizontal com- 
ponent of this load =/></* sin. 0, where e 
= the angle made by the direction of pds 
with the vertical (or what is the same, the 
angle made by the tangent of ds with the 
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horizontal). The vertical component = pds 
oos. 0. Consider the horizontal component 
(pds sin. 0) with reference to the vertical 
space over which it is distributed. This 



Fio. 18. 




space is EE (Fig. 1S)= ds sin. 6. Hence 
the intensity of the horizontal component 

p ds sin $ 



d 8 Bin 



=*p. 



So the vertical component (pds cos 0) is 
distributed over a horizontal space =» D K 



f-5 



= I* 



i t r k* * 
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vertical sides shall be constant in length, 




u 






the horizontal forces oil these aides will be 
represented by lines of constant length. 
Transfer these forces in their lines of direc- 
tion to A Y. A Y is the sum of all the ver- 
tical sides of the little triangles, and as the 
horizontal intensity is constant and equal to 
p, we have (if r = radius of the circle) p 
(A Y;=/w— total horizontal force on quad- 
rant A B. 

Similarly, if we draw a set of triangles 
on A B with all their horizontal sides of the 
same length, we may see that the total ver- 
tical force on A B is 

■I ■ (YB).pr. 

Hence, 

1, The resultant of the entire normal 
force on the quadrant A B is equal to the 
resultant of a horizontal and a vertical force 
each of which ia=pr. 

2. Therefore in the parallelogram of 
forces for the quadrant (Fig. 20), ¥ 8, 
which represents the pull along the cord at 
B, is the vertical component of P, while 
NF = pull at A, is the horizontal compo- 
nent of P. Each of these forces— pr. 
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Therefore the constant pull all along the 
cord is =- pr. 

If we make the pull at the vertical point 
(B) »• V, we have 

H=V=T= pr . . (20.) 

In practice a uniform normal force exists 
in the case of a cylinder filled with steam, 
or in a vertical cylinder filled with liquid. 

Fig. 20. 




Thrust instead of tension along A B exists 
when the normal force pushes inwards, as 
in the tubes of a steam boiler or an empty 
vertical cylinder immersed in water. In. 
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reference to arches, this discussion has its 
principal value as introductory to those that 
follow. 

Case V. In this case we obtain the 
curve and forces by parallel projections 
from the circle. 

If we suppose a cylinder erected upon 
the circle (Fig. 21) as a base and cut it by 
an inclined plane whose line of intersection 
with the plane of the base shall be parallel 
to A I, we will get an ellipse whose vertical 
axis AT (Fig. 21) will = A I, and whose 
horizontal axis C B' will be greater than 
C B. All lines parallel to A I will be un-' 
changed in length, while all parallel to C B 
will be increased in the proportion of C B' to 
C B. Now, by the principle of parallel pro- 
jections, the ellipse, which is the parallel 
projection of the circle, will be balanced 
under the forces which are the parallel pro- 
jections of those under which the circle is 
balanced. 

As we have seen, the circle is the curve 
assumed by the ring under a uniform hori- 
zontal and vertical force at each point of the 
same kind, and equal in intensity ; for such 



Fn.81. 






thei 
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a system of forces is equivalent to a i 
etaiit normal force around the curve. For 
convenience, these forces are represented in 
Fig. (21) along the two diameters, each 
little lino representing the force on a unit 
of distance. The pull around the ring is of 
course tangential to it, and is everywhere 
the same ( =pr). This pull is represented 
at A and B by the arrows there. 

In the ellipse, the vertical lines being un- 
changed, the total vertical force on the 
elliptic ring ( = the sum of all the little 
vertical lines) is the same as it was in the 
circle, and if we call the vertical force on a 
quadrant V (=- B M) for the circle and V 
(=B' M') for the ellipse, we will have 

Y=V . . (21.) 

Notice, however, that in the ellipse the 
force V is distributed over the distance 
O' B' and not over a distance = B. Hence 
the intensity of the force V, or the amount 
of that force on each unit of distance, is not 
the same as in the circle. In the ellipse 
(Fig. 21) each little vertical line represents, 
therefore, the force on a distance greater 



than a unit. Let 0' B' = c B. Then to 
obtain the iiUensity of V, divide it by the 
space over which it is distributed. Thus, let 



represent the vertical and horizontal intens- 
ities in the circle. We have already seen 
that in the circle 



Let p'„ and p' r represent the vertical and 
horizontal intensities in the ellipse. Then 



v " OB' — o.O'B c (22.) 

The lines representing the "pulls" at B 
and C (as B N) are also unchanged. Hence 
the pulls at those points in the elliptic ring 
are the same as iu the circular ; that is 
they are equal to V'= V. 

The horizon/nil lines are all increased in 
length in the ratio 1 : c. Hence the sum of 
the hues representing the horizontal force 
on a quadrant of the ellipse (as I'S') is 
greater than the corresponding line (IS) ia 
the circle in the above ratio. Therefore if 
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/? — tk* UjrafmtikL force on the 

H' = t . H . (XX.) 

7 a* >KU£*i* <rr*r which this force H" a 
4utfs*.v*ft*l 'A'O'y does not change, 
*W, fc/ui &«&4* the little horizontal 
v/fc Jtg-vr** represent the force on a unit of 
fa&AA+A, WvtJib the intensity of the hon- 
JMrtit* £vw* ;n the ellipse hat increased just 
** &* >&gth of the lines, or from the eqna- 

Th* hsmztjnuil pull in the ring at A' or I' 
\*nu% equal to the horizontal force on a 
'jiadraat is 

H' = *.H=<;.V=e.V' . . (15.) 

Jfenee the " pnll " around the ellipse is 
ri/A constant as it was in the circle. The 
pulls at B' and A' are as 

V : E' : : l; c. 
But 

A'P:CF: : 1 : c 

Therefore, 

1* The pulls in an elliptical ring are as 
the axes to which they are parallel 






Again the intensities in the ellipse are 

p; :p; : : ~-cp- : : ~ t«: : J:* 

And 

(A'l'j* : (C 1 B'j" : : 1 : t» 

Therefore, 

2. The intensities of the forces in an 
ellipse are as the squares of the axes to 
which they are parallel. 

From this proportion we have 

e«j5& . . . (26.) 
V jK. 

It will be noted in the elliptic ring that 

the resultant of the little horizontal and 

vertical loads at any point ia not normal to 

the curve except at the extremities of the 

Let us determine the pulls and the rela- 
tions between the forces at other points be- 
sides the extremities of the vertical and 
horizontal axes of the ellipse. 

Ia the circle (Fig. 22) if we resolve the 
forces along any two rectangular axes as 
A! I, and C, B„ we shall have evidently the 
relations between them as when re- 
solved along a vertical and horizontal axis. 



I 

t 



X 



\ 



/ 



X 



Now the three parallel lines, viz., the diam- 
eter, A, I, , and the tangents at C, and B„ are 
projected in the ellipse into three parallel 
lines, viz. : A'„ I '„ and the tangents at C 
andB',. Similarly d, B„ and the tangents 
at A, and I, continuo parallel in the ellipse. 
Hence rectangular diameters of the circle 
become conjugate in the ellipse. The lines 
representing the forces perpendicular to 
C, B, in the circle become parallel to 0' I', in 
the ellipse, and are changed in length just 
as 0' I', is changed from I,. So the forces 
which are parallel to C, in the circle be- 
come parallel to C, 0' in the ellipse, and 
vary as C, O' does from C, 0. 

Let 0' l\=r' and C',= r" and let the 
total force parallel to 0' I', on a quadrant 
(euch as 0'i I', or I', B',) of the ellipse be = 
V, and that parallel to 0' B,' be=H 1 . Then 
if r = radius of the circle, we have (since 
the force on a quadrant of the circle as Cj I; 
» — H-V-T) 



7 
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H ; is equal to the pull along the ring at A.\ 
or I',, and Y t is that at C \ and B' : . 

Hence preposition 1 mar be applied gen- 
erally to all conjugate diameters in the 
eDipee; that is, 

3. The total pulls along the ring at die 
extremities of any two conjugate diameters, 
are as the diameters to which they are par- 
allel. 

Again, the intensities being equal to the 
total loads divided by the surfaces over 
which they are distributed, let 

j/ f — intensity of load parallel to C I',, 
p' x " •« «« C, C 

Then 

V, Vr' r 1 



J>V= 



i O-'C'j — r.i" P * 



* 



r* 



i 



, = H, H^ r" 

** O'l,' = r . r"~"*" r 7 

• •-ft:*'.: :pr^, : n,-^ I : ~ 

r f 



(28.) 



J 



Hence for proposition 2, we may read, 

4. The intensities of a pair of conjugate 
loads are to each other as the squares of the 
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conjugate diameters to which they are res* 
pectively parallel. 

To pass from one set of conjugate forces- 
on the ellipse to another ; let 

p'x and p' w be the intensities parallel to one set 
1 1 

of conjugate diameters. 
H) and V L be total pulls parallel to same set 

- of conjugate diameters. 
r" i* be the conjugate semidiameters. 

Also let 

p / i»J>', r H' l ,V' 1 ,r'' l> f l 
11 
be the corresponding quantities for the oth- 
er set. Then 



!>'« 



r" 



P'i*=P*-zr- 



Also, 



H 1 = 



H,'.= 



H.r" 
r 

Hr", 



Similarly 



i i^i r" 



or H = 



H, r 



Hi 
i — 



7" 



r" r', 
Pi'"=P'v-zrzJ- 

1 if T" j 



V=v, 



r'x 



(29 > 
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The ellipse (Figs. 21 and 22) is the form 
assumed by a cord under a load composed 
of horizontal and vertical components which 
are constant along the horizontal and verti- 
cal lines, but which differ from each other 
in intensity. 

The diameter C B' of the ellipse (Fig. 21) 
might have been made shorter instead of 
longer than that of the oircle, if required. 

Cor. — If one set of the forces are vertical 
and the other not horizontal, but inolined 
at an angle to the horizon (Fig. 23), we 
still have an ellipse, the directions of the 
forces giving the directions of two conju- 
gate diameters < A\ 0' and B\ 0'). Then, if 

p' x a the intensity of the inclined force and 
i 

,\ =a intensity of the vertical force, we have 

by proposition 4, 

P'x :p' v : : (1V0') 1 iCA/O')* 
i i 

So from proposition 3, if V x =pull along the 
cord at B x ' or C/ and H t = that at A^ 
H x ^ : : Bj'O' iA^O'. 

From the first of these propositions we 
have the ratio of the conjugate diameters ; 
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and from the second we find the pulls at 
the extremities of those diameters. 

Knowing two conjugate diameters and 
the angle (90*-^) between them we can read- 
ily obtain the ellipse. 

Fig. 23. 




To obtain the pulls at the extremities of 
any diameter, such as C\ B x . 



4* 



This is merely passing from one set of 
conjugate diameters to another and equa- 
tion (29) gives the poll as B^ for "»?f irft y 



T -T OK 

* 1 * I 



O A,' 



\cy K being conjugate to C x 0" B-), etc, 
etc 

An important fact is now to be noted. 
Whenever the load on a cord is entirely nor- 
mal to it, at that point the pull along the 
cord is equal to the intensity of the normal 
load multiplied by the radius of curvature. 

For the cord at that point is similarly 
situated to a circular cord of the same cur* 
yature and under a load of the same inten- 
sity. 

Thus, in the ellipse (Fig. 21) the action 
of the load at the extremities of the axes is 
entirely normal, for at A' and I' the hori- 
zontal component of the load vanishes and 
leaves only the vertical, which, at these 
poirds, is normal to the curve. So at 0' 
and B' only the horizontal load has value, 
And its action is there normal to the curve. 

Consider the elementary arc, ds, at A', 




for instance, which ia subjected to this nor- 
mal load. It is balanced under the equal 
pulls T = T' (Fig. 24) coming from the ad- 
joining parts of the cord, and the normal 
load pds, which gives it its curvature. Im- 
agine a circle under a constant normal 
force of intensity =/?. Take an equal little 
arc d s of it, loaded with a normal load = 
pas. Then, if it be acted on at its two ends 
by tensions = T = T, it is evident that it 
will have the same curvature as the arc of 
the ellipse ; or, conversely, if it has lite same 
curvature, the pull around the circle must 
be = T=T'. 



Fig. 34. 



'\ 



AflS 



Hence, having given the load on the 
curve at any point where it is ?iormaZ, we 
determine easily the pull along tiie cord at 
that point. For, in the circle, 

H = V = T=p, r = p,r = 



he 
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and in the ellipse at A' 

Where p = radius of curvature. If A' O' 
— » r and 0' B' = c r in the ellipse (Fig. 
21) we have at A' 

p = =c* r. 

r 

.•. H' = p'w .c* r=^-c* r=cpr=cH. fc (30.) 

c 

So in the parabola under uniform verti- 
cal loads (Case I.) we have seen that H = 
2pm (Rankine's C. E. p. 165). But H «. 
p p = 2 p m (since p = 2 m at the vertex). 

If the load be everywhere normal to the 
cord, the above equation will apply to 
every point, or 

T=pp 

be a general equation of the curve. 

And further, when the load is every- 
where normal we have already seen that 
the pull along the cord must be constant, as 
there is no tangential force to change it. 
Hence. 

T = p p = a constant. (31.) 

When the load p is constant, of course, p 
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must be constant too, and we have the cir- 
cle already discussed. When p varies, p 
must vary inversely as p. 

Fig. 25. 




Case VI. — If p increases in value just in 
proportion to the distance of the points of 
the cord above a horizontal line M N (Fig. 




25), the cord assumes the shape of the hy- 
drostatic arch. This curve possesses geo- 
metrically the loops shown in the figure 
and may be extended indefinitely, but for 
our purpose it is evidently only necessary 
to discus* that part between the points C and 
B (Fig. 2<3) where the tangents are vertical. 

Taking L (Pig. 26) for the origin, if the 
intensity of the load then be y„ (=AL) 
multiplied by a constant, or \oy„ then 'at 
any other point it is = wy. 

Hence the equation of the curve is 

T — p p =to i; p - _ tj> y, p. — a constant 

(.'/» and p„ are the values of the ordinate and 
radius of curvature at A). 

Let us resolve the normal load onCAB 
as we did in the circle, into its horizontal 
and vertical components. As was the case 
in the circle, these will be for each point 
equal in intensity to each other and also 
to the normal force, or 

p—p. = pt- 

But these quantities are no longer con- 
stant (aa in the circle) all along the curve, 

it vary from point to point. 
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If we form the parallelogram of 
any arc A D (as in Fig. 27) the ii 
F 8, since H =- T = a constant, 
must represent the resultant of 
load on A D both in amount and i 

The vertical component, F E i 
eqnal to the vertical componen 
8F, or 

Vertical load on A D = T sin i ■■ 

At B the vertical load*=T: 
(since *' -= 90' there). 

So the horizontal component oi 
load on A D ia G E, and since 

NF=G8=GE+FX 
ire have horizontal load on 
AD = GE = NF-FX = H-Hc< 

H(l-COBi), 

AtB, t = 90°.-. 
Horizontal load on A B = H 
On the are D B 

Horizontal load = H — H (1-cos i} - 

The vertical load on A D maj 

expressed 

p,dx=u:fydx= 



■fi 
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The horizontal load thus 
H(l-coit)=u>y poU -cost) = fp»dy=s 

w/ydy=i>. v ~ y °* 
Fig. 27. 



(33.) 




And if y x «* ordinate of B, the horizon- 
tal load on A B is 
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H = w?- l *~** % - (34.) 

For formula for radios of curvature see 
Rankine, 0. E., p. 

The equation T = H = u> y p. = to y p, 
enables us to solve problems similar to those 
under the parabola. 

Case VIZ — If we construct a curve from 
the last one by using the same ordinates 
and by changing all the abscissas in the 
ratio c : 1, so that the new co-ordinates of a 
point shall be y and c x, and at the same 
time change the horizontal forces in the 
same proportion, leaving the vertical ones 
unohanged ; the new curve and new system 
of forces so obtained will evidently be* par- 
allel projections of the former, and will be 
balanced. This new curve CAB' (Fig. 28) 
is the " Geostatic," and bears a relation to 
the "Hydrostatic" strictly analogous to that 
between the ellipse and circle. 

Hence, 

The total vertical load on A B' = V = ] 

V = pull along cord at B'. I /Q - x 

tal horizontal load on A B' = H' = f l* 6 -' 
c H = pull along cord at A 7 . J 
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The intensities are 

V' _ 
Yotvertical load p'y = q b ,-— 



H' 



Forhorizontal load j/*=q-£ 



cOB 

cH 
OA 



— a \ 



==7r7f =cp*j 



J. (36.) 



Tig. 28. 




(Y H p. and p, referring to the hydrosta- 
tic curve.) 
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' zontal load should be also uniform, and of 
intensity equal to that of the vertical load. 
But generally : Let C A B (Fig. 29) be 
some assumed curve, and let the vertical 
load be known in amount and distribution. 
Making some changes in the signification of 
the letters heretofore used, now let 

V = vertical load on any aro A D. 

V t = vertical load on the semi-cord A B. 

H = horizontal load on any arc A D. 

H, = •' " half-cord A B. 

H = P^ll along cord at A (the quantity here- 
tofore denoted by H). 

p x and p v = the horizontal and vertical inten- 
sities as heretofore. 

p = value of p, at the point A. 

p and pi = radii of curvature at A and B. 

The vertical load on an arc A D is 

Again at the horizontal point A, the ver- 
tical projection of the element of the curve 
being = zero, the load is entirely vertical, 
and consequently at that point is normal to 
the curve. Hence the pull along the cord 

at A is 

H = p% Po- 
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To discuss the forces upon an arc A D. 
Draw tangents at A and D. They meet at 
F (Fig. 29), through which point the re- 
sultant of the total load on A D must pass. 
The vertical load is also=the vertical com- 
ponent of the pull along the cord at D, for 
these two forces, being the only vertical 
ones connected with A D, must needs bal- 
ance each other. Therefore, 

Lay off F N = H . Lay off F E ver- 
tical and ==J p v dx. Complete the rec- 
tangle F E S X. The pull along the 
cord at 

D = FS = FE cosec i = Vcoseo t . . (40) 

Also, 
S E = F X = V cot i = horizontal compound of 
pull along the cord at D . . (41) 

But the horizontal pull at A is 

H = FN=GS. 
. • . G E = H ~ V cot i = H = resultant of 
horizontal load on A D . . (42.) 

The intensity of this horizontal load may 
be expressed thus 

dH J(VootQ M V ^v) ,,, N 

Px = ~~s — = 1 = : (43.) 

* dy ay ay v 
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At B the vertical load = V t . Let this 
be represented by B K (Fig. 29). If the 
cord be itself vertical at that point, BK = 
Vi will be equal to the pull along it at B* 
If the cord is inclined as in the figure, draw 
its tangent at B, and 

B L = B K cosec i 1= V, cosec t,= pull along 
the cord, 
and 

K L = B K cot i x = V , cot i x = horizontal com- 
ponent of this pull. 

H — Vi coti! — Hi = resultant of entire hori- 
zontal load on A B. t 



Fig. 30. 

ol 1 1 J 1 1 1 1 -j 




It may often happen that S E = V cot i 
= horizontal component of the pull along 
the cord at D (Fig. 30) is greater than G S 



= FN = 



= FN = H,= horizontal pull along the 
cord at A. In such cases GE = H„-V 
cot t is negative, which indicates that the 
horizontal load between A and D, for at 
least a part of this distance, must be con- 
trary in direction to that heretofore dis- 
cussed ; that it must exert an inward pull 
instead of an outward one (Fig. 30). If 
this "inward pull" were removed or re- 
placed by an outward one, the curve would 
evidently be flattened about A. 

We may illustrate geometrically, the re- 
lation between the forces in all parts of 
AB. 

The vertical load and curve being given 
draw F E* (Fig. 32} = the total vertical 
load on A B, and lay off on it 

P E' = vortical loud on the arc A D'. 
FE'' = .. .. .. AD", etc 

Draw a horizontal line at F and lay off 
FN and F K, each _ H = pull at A. 
Draw through F lines parallel to the tan- 
gents at D' D" D'", etc., and through E' 
E"E"', etc., lines parallel to the horizon. 
Then the oblique lines F 8', F S", etc., rep- 
resent the pulls along the cord at D' I>", 






. 
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etc., while E' S', E" S", etc., represent the 
horizontal components of these pulls. Lay 
off from each point 8' 8", etc, horizontal 
lines, each equal to FN, and draw through 




the points G' G", etc., thus obtained, a curve. 
It will evidently be similar to that drawn 
through K 8' 8", etc., and the line G' E' 
will represent the resultant of the horizon- 
tal load that must be distributed along the 
curve from A to D' ; G" E", the resultant 
of the horizontal load between A and D", 
and so on. 
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(Fig. 32) is really formed from the par- 
allelogram of forces for the arcs AD', etc. ; 



Fig. 81. 




this parallelogram being at D'= FNG' S', 
in which E' 8' is the horizontal component 




of the pull at D and E' G' = t 

of the horizontal load on A D'. 

As the abBcissaa of the carrel 
etc., increase to the left of F E v from the 
point F to G'' (which correspond to D" on 
the curve), the horizontal load acts outward 
on the arc A D". The abscissas then di- 
minish toG". Hence between D" and D'" 
on the curve, the horizontal load must act 
inwards as shown in (Fig. 31). From G'" 
the abscissas increase until we reach G T . 
Hence the horizontal load acts outward 
throughout the remainder of the cord. The 
points n and ri correspond to those arcs on 
which the resultant of the horizontal load 
ia zero. Thus on the arc A n the negative 
horizontal load is just equal to the positive, 
and heuce their sum = zero. So on the 

Note that the abscissas of the curve F G' 
. . . G* are not the intensities of the hori- 
zontal loading, hut that each such ab- 
scissa represents the algebraic sunt of the 
entire horizontal load between A and the 
point to which the abscissa corresponds, 
The intensity in question has already been 
'iown to be 



In this < 



' <*y 



1 this expression d H. — the difference 
of two neighboring abscissas of the curve 
PG'...G": as for instance, tfH = G'E'— 
Or" E". And di/ = vertical projection of 
the arc D' D" of the cord to which the 
above c 




Let us imagine the curve of the cord to 
be reversed, and the cord itself to be re- 
placed by a thin metal strip, which like the 
cord shall be practically without transverse 
itiffness, but, unlike the cord, shall be able 
to resist a compressive force in the direc- 
tion of its length at every point. Let the 
loads be distributed as heretofore, except 
that where there are horizontal components 
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of the load, these should act intcard, where 
upon the cord they acted outward, and 
vice versa. We then have what is called 
a " linear arch or rib " ; and the curve 
assumed by it will be identical with that of 
the cord under equal and similarly distrib- 
uted loads. If the loading is changed in 
distribution, the rib will change in shape 
just as the cord would do under similar 
circumstances. 

In practice there are no " linear arches," 
but the discussion of them enables us. to 
determine the form of equilibrium for real 
arches. If we know the form that a linear 
arch would assume under a given load, we 
can find the " line of pressures " in the real 
arch. This line and the value of the 
thrusts at all its points enable us to solve 
the problems that arise in arch building. 

1. Suppose, for instance, we desire to 
construct an arch to bear a uniform vertical 
load, such as that discussed in Case I. 
The shape of the linear rib under such a 
load is a parabola. We then as, 

1° Step. Assume this curve for the in- 
trados CAB (Fig. 34). If the arch and 
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the load be of homogeneous material, the 

shape of the extrados, or outside of the load, 

Fig. 34. 




■will he M T M', the vertical distance be- 
tween A and M Y being constant. 

2° Step. Is to determine the depth A L 
of the keystone. This depth is always 
greater than necessary simply to prevent 
the crushing of the material of the arch 
under the thrust at the crown. Prof. Ran- 
kine's empirical rule derived from the best 
examples is to make the depth of the key- 
stone in feet 

In single arches 
=l/7Ia~x 



In arches of a sei 
=■}/ .\1 x radius olci 



(46.) 




3° Step. Determine whether the " line of 
pressures " can lie in the " middle third " 
of the ring of vouasoira. It should be re- 
stricted to the middle third to prevent the 
vousHoira tending to open at any of the 
joints. 

We can teat this as follows : 

Suppose the voussoirs to be constant in 
depth all around the arch as in (Fig. 34.) 
Consider any part of the arch included be- 
tween the vertical plane (A L) at the crown, 
and a vertical plane at any other point, as 
D' P'. The calculated horizontal thrust 
along the linear rib, which coincides in 
ehape with the sofiitC A, is indicated by the 
arrow with its head at A. Let the horizon- 
tal thrunt of the rib at D' be indicated by 
the arrow with its head at D' pointing in 
an opposite direction to that at A. At the 
crown take A K not greater than § A L. 
Imagine a left-handed couple applied to 
A L in the vertical plane of the arch, whose 
force = H = the thrust at A, and whose 
lever-arm = AK. Apply an equal and 
opposite couple on the plane D' P', with a 
force H', equal to the horizontal thrust of 



the rib at D'. 



In the parabola H=H' .-. D' P' 
A K. These couples being equal and op- 
posite do not change the conditions of equi- 
librium of the section of tho aroh L D' f but 
they transfer the line in which the thrust 
acts from AD' to KP. "We can repeat 
the process as often as we choose by taking 
parts L D", etc. ; and if the curve drawn. 
through the points K P' P", etc., lies with- 
in the middle third of the arch-ring, the 
arch is sufficiently stabla 

In the case before us, the horizontal 
thrust being constant for every point of the 
rib C A, the lever-amis D' P', D"P", etc., are 
also equal, and therefore the " line of pres- 
sures " K K' is merely the parabola raised 
vertically a distance =A K. If K K' does 
not lie in the middle third, a slight increase 
in the voussoirs, especially towards the 
springing, will usually remove the diffi- 
culty. 

4o Step. The joints between the voussoirs, 



72 



such as D' G (Fig. 35) are usually made 
normal to the soffit A 0, but whether this 
be done or not, the direction of G D' must 
be such that at S, where the line of pres- 
sures cuts it, the angle included between 




S N (the normal to G D') and S T (the tan- 
gent at S toKK') maybe less than the angle 
of friction of the material of the voussoirs. 
The best possible direction for the joints 
D' G, etc., would be to make them perpen- 
dicular to K K'. 

The horizontal component of the thrust 
(H) along the curve of pressures in a para- 
bolic arch, is, as we have seen, constant ; but 
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the thrust along the curve (T) increases 

Fig. 36. 




from A to 0, and its value at any point may 
be determined by the formulae in Case I. 



Parabolic stone or brick arches are not 
common, because it is rare to hare such a 
distribution of the load as that supposed 
above. 

2. But if we rererse the curres discussed 
under Cases U. and ILL, we hare a form 
of arch much more frequently applicable. 

Thus, suppose the arch and its backing 
to be homogeneous, and that the extrados 
of this loading is horizontal (MY), and sup- 
pose the action of the load to be entirely 
TerticaL Then the arch and its backing 
are similar to the metal sheet and the cord 
discussed in the cases just referred to, and 
therefore the form of the linear rib under 
such a load will be a catenary or trans- 
formed catenary — usually the latter. 

Assume this curve for the soffit GAB 
(Fig. 36) ; determine the depth A L ; the 
line of the pressures K K' ; and the direc- 
tion of the joints ; as in the last case. In 
this case as in the parabola, H is constant 
and hence the curve of pressures is merely 
the curve C A raised vertically through a dis- 
tance = A K. 

Example. Let the data for a required 
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arch be (Fig. 37) span CB = 10'; rise 
O A = 4' ; height of extrados M Y above 



Fig. 37. 




springing at = 10'. Let the arch and 
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brickwork be of solid brickwork whose 
weight w per cubic foot =112 lbs. 

The equation of the transformed^ cate- 
nary passing this C A B is 



-*i\*i+*-*\ 



"Where y = AY = 6' (the origin being 
at Y and the axis of abscissas horizontal). 

First find m, the modulus of the corres- 
ponding common catenary. By Eq. (14.) 

rt 

At the point <e'= 5 ft. and't/' = 10 ft. 
.-. m = 4.54ft =TN. 

Then determine points of the curve, thus 

for 

x = 1, y = for x = 2, y = for x = 3, y = 
for x = 4, y — etc. 

Describe the curve through these points. 
The thrust at the crown A is (for a unit 
of length of the arch) 

H = w m* from Eq. (16). 
. • . H = (112) (4.64)* = 2308.3 lbs. 




Tiie formula for depth of keystone will 
be satisfied by making tke depth of the 
areh AL = length of one brick = 9", for 
this gives 9"X.12" = 108 square inches 
to bear the thrust H = 2308.3 lbs., or T= 
4677.1 lbs. The latter is the greatest 
thrust in the arch. 

It is easy to see that K K' will be in the 
middle third, for even at C the distance of 
the point, of the curve Iv K' vertically over 
C, from the nearest point of C A, is approxi- 
mately 

6 X °«* (90°-60° 32'i — 5" +. 

The extrados of the transformed catenary 
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need not be the directrix M Y ; it may be 
another transformed catenary provided these 
catenaries have the same directrix. 

To illustrate : suppose the weight of a 







unit of the material between CAB and MY 
= w. Then the intensity of vertical pressure 
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at any point G of CAB (Fig. 38) i 
w y. If a heavier building material n 
nsed this vertical pressure could be brought 
upon G by a less height nf it. Let this 
heavier material have a weight per unit = 
w' and let 



Theu a column of the heavier material 
over G and of a height = £ y would give 
the same pressure as the whole column of 
the lighter, or 

K>» — |>*f . ■ (47.) 

• At each point of A B (Fig. 38) lay off 
two-thirds of the vertical ordinate, 
through these points draw C"A"B". The 
upper surface of the load may have this 
form, and yet CAB still be the shape of 
the linear arch balanced under the applied 
forces. The equation of C A B being 



y = ^- E- + E- 
that of 0" A" B" is evidently 



i 
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The principle of this example is general. 

When the extrados is a transformed 
catenary, note that, since in all the formal® 
under Case III., to = the weight corres- 
ponding to a unit of surface of the space 
between CAB and M Y, we must make in 
these formulae 

Where w' = weight of the building ma- 

A A" 

terial and n = 



Y A 

In arches of this class no provision is 
needed for horizontal thrust on the span- 
drels as the arch is equilibrated under verti- 
-cal loads alone. 

In all stone or brick arches, the changes 
in the curve of pressures K K' due to pass- 
ing loads are usually slight, because the 
weight of such passing loads is generally 
small compared with the weight of the arch 
itself and its backing. 

3. The simplest practical case in which a 
uniform normal load (such as that discuss- 
ed in Case IV.) can be applied to an arch is 
when it is subjected to water pressure, the 
arch ring being horizontal instead of ver- 
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ticaL Such a pressure will exist on an 
empty well constructed in a reservoir or 
other body of water (Fig. 39). For each 

Fig. 39. 



T • 




horizontal layer of the well wall maybe 
considered as subjected to a uniform nor- 
mal pressure of an intensity due to the 



X*rpiL \£ -tut -rmer srius: 

im«n< t*IL uf '-'Jinwr rirnrmfin ;an£. & iriL 



<JL tl*r V"Ill_ "T^TWI 



nmriue? \* t~ *: jut*- Ti*vicn* -ait nn. 

I'W: «v^ir Uf iSU'.'.l ft. "¥?itL «tiim"if £* 
v.'w.iV ir.m. „&+: ZT . TTit*- -nnyCi i i ^ uf 

^t*% Vtl IT ta.7 l^CL 3LLS 1* ^nwTnmwt 

*i»£ar * *msuvi> vf "2** wall tMCweesi two 
***** yja*A isa ymLfsL as bereaoiore 
\/SXt v/rzuau V* 4 && *o3rL Take for the 
favor-arm *£ ta* couple at A fUg 29) a dis- 
tort** AK-JAL The /on« is still 
V/ U ~ U — T. 

hi\) apply an equal couple with force 
~- tin? thruat along the soffit at that point, 
whieh in also ~T=IL Then the lever aim 
ttitiftt t* fcqual to A K. Hence we see that 
i\u* vutYh iA pressures is a circle parallel te 
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the soffit and may pass through the mid- 
dle of the arch ring. 
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This kind of arch may be used for dams 
or the walls of reservoirs. (See Fig. 40.) 
4. There is no case in ordinary practice 
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where the pressures upon an aroh are 
strictly identical with those on an elliptical 
cord, for in this case, the pressure must be 
constant in intensity along both the horizon- 
tal and vertical projections of the aroh, but 
the intensity along the horizontal must dif- 
fer from that along the vertical in a con- 
stant ratio (Fig. 41). But, as Prof. Ran- 

Fig. 41. 




kine says, the curve of equilibrium for 
the arch of a tunnel through earth, when 
the depth below the surface is great com- 
pared with the rise of the arch itself, ap- 
proximates to an ellipse. 

The pressures in a mass of earth are in- 
termediate in character between those ex- 



*g in a solid and those in a liquid mass. 
IB a little cube of earth (Fig. 42) under 
"Weight of tho superincumbent column 
»arth p, presses downward with a force 



M 

I to its own weight and that of the 
n above. It also presses out horizon- 
f with a force less than this d 
ie, but always bearing a corn 



I 
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to it. If the little cube were solid it would 
have no horizontal push ; if liquid, that hori- 
zontal push would equal its pressure down- 
ward. If the upper surface of the earth is 




inclined, the outward push which always 
remains parallel to it becomes inclined too, 
and is then " conjugate" to the vertical. 
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If MY (Fig. 43) is the surface of the 
earth, when Y A is great compared with 
A O, then Y A and M differ so slightly 
that we may assume them to be equal. We 
then have on the arch a uniform vertical 
load whose intensity = 

Pi = (Y A) X weight of a unit of the earth = wy Q ; 

and a horizontal load whose uniform inten- 
sity/?* is equal to the vertical intensity {p y ) 
multiplied by a constant. Let 

Px = c* (a constant). 
Pv 
Then _ 

Pz= **wyo and c =» /£? . 

Prom the discussion of Case V. we see 
that e must be the ratio of the axes of the 
ellipse to which the pressures are respec- 
tively parallel. Hence if the arch be a 
semi-ellipse and O B be given, we have 

OB -. OB 

rr-- = C . * . O A = . 

O A C 

From these data draw the curve of the 
soffit. 
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The thrust along the soffit at A 

= H =/>y p 9 = wy p . 

At C or B it is V =pz9i . 

At other points it may be gotten from eq. 
(27) Case V. 

We can determine the curve of pressures 
by a method similar to that used in the last 
case. Here, however, the curve KK' will 
not be parallel to C A, since the thrusts 
along C A are not constant, but increase 
from A to C. Assume A K (Fig. 44) 




K' q o 3 

= § A L, then the arch must be so propor- 
tioned that K K' shall fall within the mid- 
hird. 




If the arch C A B ia not to be a semi- 
ellipse (as above assumed) but only a seg- 
ment of one, a few trials will enable us to 
get the ellipse from the data already 

The strictly true curve of equilibrium 
required by earth pressure ia the Geostatic 
arch. 

5. An arch built with the curve discussed 
in Ciise VI., is known as the Hydrostatic 
arch, from the fact that the loading there 
described is similar to the pressure of water 
upon a vertical arch. 

For if M T (Fig. 45) be the surface of 
the water, then its pressure on C A li is 
normal and proportioned at each point to 
the depth below M Y. This pressure, as 
has been shown, may be resolved into a 
vertical and horizontal pressure at each 
point, this vertical and horizontal pressure 
being equal in intensity to each other at 
every point, and also to the normal pressure 






of which they a 

The above form of a 
in two cases. 

(1) To hear the press 



iponents. 

;h may be applied 



ier 



c*a 



r «K& « 
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the tunnel is practically on a level with the 
bottom of the river, we might use the hy- 
drostatic arch. 



The equation of the curve ia 

y<? = y«Q»- 

The vertical load on the half-arch A B 
■=J pix = y = iiy i p l = thrust along arch at B. 
The horizontal pressure against A B 
=f','iP<lS = x^-^^ = B. = -w So p a . <«) 
The thrust along the arch is constant, or 
T = H = V. 
The rise A (= a), the depth, A T 
(= j/ t ), and the radii at A and B (p, and pj) 
are connected by the following approxi 
equations. The co-ordinates of B being a^ 
and y, , let 

b = *' + Sol; - Then S'°= °^ 

— *&-+ &-*(*+*)*» 

The line of pressures in a hydrostatic arch, 
since T is constant, is parallel to the soffit, 
as in circular arches. 
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Example. — Suppose the span to be 50 ft. 
(Fig. 46) and the depth A Y = 16 ft. 




Find first the rise A 0. In Eq. (52) 
^ = 25' y = 16', and a few trials show- 
that a = rise = 20' about. 

Hence 

p = 32 J ft. and p l = 14.1 ft. 
With these data describe the curve of the 



soffit — the radius at any oilier point beside* 
A and B being given by the equation 



The thrust at A = H = icy, p„ . Hb 
U = 62.4 lbs.. 

. ■ . H = 32-148 lbs. 
The rule for the depth of keystone in 
single arch gives 

Depth AL = V / . 12 X a^5= \A ft. 

This is ample. It only gives about 120- 
lbs. per sq. in. as the pressure at the- 

T being = H, the depth of the arch-ring 
may be uniform. 

(2) The hydrostatic arch is also used when 
the loading is homogeneous masonry up to 
the extrados MT, provided the spandrels 
be suited to sustain a horizontal thrust at 
each point of the arch equal to the vertical 
at that point. 

As all stone or brick arches sink at the 
CTOWTi when the centres are removed, they 
will exert at other points an outward hori- 
zontal thrust. Now if we assume that this 
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horizontal thrust is at every point equal in. 
intensity to the vertical loading at that 
point, the curve of equilibrium under such 
a system of forces is the hydrostatic curve. 
This is the assumed condition of the forces 
acting in the Neuilly and other bridges of 
this class. 

When the spandrels cannot be made firm 
and solid this form should not be used, but 
when they can be, as in the successive 
arches of a stone bridge, it is advantageous 
rather than otherwise, to have such a thrust 
from the arch against the spandrel ; while 
the hydrostatic curve of given span and 
rise gives a greater water-way than the cor- 
responding catenary would. 

The catenary needs no resistance from 
the spandrel, being balanced under the ver- 
tical load alone. 

Example. — Let the span be 100 ft. and 
rise 30 ft. Then the depth of loading at 
the crown (=AY, Fig. 46) will be found 
from equation 52 

= y = 7J ft: 

Then p = 91.7 ft. 
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Hence H = icy p, (putting w = 160 lbs.) 
= 107600 lbs. 

Depth of keystone 

= V.12X91.7 = 3.3 ft. 

This gives a pressure of 32,280 lbs. to the 
sq. ft., or about 225 lbs. to the sq. in. 

6. If the vertical forces vary as in the 
hydrostatic arch, and the horizontal are not 
equal to them, but differ at each point in a 
constant ratio, the curve of equilibrium 

Fig. 47. 




(Fig. 47) becomes the Geostatic curve dis- 
cussed in Case VII This curve derives its 




<er~Ati v* * mas» i£ jams* 
CAB, L«lCT = ^ft 

4JL VMzl&rZLZ ZltOL mz «aei pass D at? dW 

MI, aad & fearawral pnmia.1. wmsb> i»- 
imttj is &m 2lszl/>, fa a coas&aat zatia, 

fg» betag taken ft> icpi e sea t tiberasoof the 

iateositieft). 

A«*tune a hydrostatic arch whose reztieal 
dhaenftions shall be identical with those of 
the geostatic arch, and whose span (CB) 
(Fig. 4*) shall be connected with the span 
of the geostatic arch (C B ) by the equa- 
tion 

c 

The intensity of the vertical pressure (the 
liorizontal is like it) in this hydrostatic arch 
must be 

Py = tyv • 

From these data deduce a hydrostatic arch, 
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and them pass by parallel projections to the 
required geostatic arch. 

Equations (35) (36) (37) (38) give the 
▼aloes of the quantities needed in discussing 
the Geostatic arch. 




Example 1. — Let the span of the geo- 
static arch (C B' = 100 ft) be given ; also 
the depth of the loading (A Y = 20 ft.) ; 
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ajso the ratio of the pressures (c 8 = $) ; and 
the weight of a cubic ft. of the loading 
= w = 100 lbs. Whence 

p'y o = wy = 2000 lbs. 

Then since 

c V\ 

cw = 58 lbs. 
P!/0 = cp'y == yT -2000 = 1154.7 lbs. 

We find from equations (52) (53) (54) for 
the hydrostatic arch 

Rise ==■ a = O A = 57.7 ft. 
p •= 140.93 ft 
p l = 36.3 ft, 

H = V = T =py p Q = 1154.7 X 140.93 = 162.700 
lbs. nearly. 

In the geostatic arch we have from equa- 
tions (35 (36) (37) and (38) 

Thrust at B = V = V = 162700 lbs. 

" A = H' = c H == 94300 lbs. nearly. 

Po ' = 46.97 ft p,' = 62.65 ft 

^Example 2. — Suppose the span = 100 
ft. depth, A Y = y = 20 ft. and rise, a =30 
ft. given ; to find c and thence the hydro- 
static arch. 
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Prom equation (52) we find 

b = 40.71, 

and thence in same equations x x = 39. 
Hence the span of the hydrostatic arch 

= 2a?! = 78 ft. 

And as c.CB = 0' B' 

100 1 0« 

c== — -=1.28. 

Then proceed as in the last example. In 
this example the hydrostatic arch is the 
smaller of the two. 

The line of pressures in a geostatic arch 
is found as it was in the elliptic. 

The geostatic is the true curve of equi- 
librium under earth pressure, but when 
A Y (Fig. 48) is great compared with A 0, it 
approximates the ellipse described through 
the points 0' A B' as already stated. 

7. Convenience, or other reasons, will 
often dictate the form of the arch without 
reference to the loading, and again, neces- 
sity may make the vertical load different 
from any and all the cases we have discus- 
sed. In such instances Case VIII. will 
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enable us to determine the character and 
amount of the horizontal forces which must 
be applied through the resistance of the 
spandrel, when once the form of the arch 
and the vertical load are known. 

When the horizontal forces thus required 
are thrusts directed against the arch, it is 




generally possible so to build the spandrel 
that the arch may be secure, but when they 
are the opposite, or outward putts on the 
arch, then it is difficult to insure stability, 
as to do so requires tension between the 
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arch and the spandreL In such cases it is 
beet to change the form of the. arch. 

The discussion of Case YST. of cords, 
enables us to determine the necessary data 
in the case of similar linear arcLe& under 
similar loads. 

Fig. (50) gives the geometrical construc- 
tion of the triangle of forces at every -point 
of the semi-arch A B (Fig. 49). 

We may discuss a given linear arch C AB 
under a given vertical load, by determine' 
ing : 

1. Thrust at crown ; which is 

Ho = Po Po • (56) 

2. Total horizontal thrust required on 
any arc A D', A D", etc. This, from equa- 
tion (42), is . 

H = H - V cot I (57) 

If this be negative the spandrel must exert 

a puU instead of a thrust. 

On the half- arch A B the above equation 

becomes 

H 1 = H - v\ cot {,. (58) 

On any arc B D v , counting from B up- 
wards, the total spandreL thrust is 
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9 





H, - H = - V, cot f, + V cot i. (59) 
This last expression has at least one 
maximum value corresponding to si 
BD. In the Fig. (49) this value corre- 
sponds to the arc B 1 ' . 

Let this maximum value be denoted by 
H* and let ('.., = the inclination at L> "', 
Then 

H» = -V,eoti, + V cot. i m = E"' G'". 

(Fig. 50) (60) 

D'" is known as the "point of rupture." 
There the action of the spandrel ceases to 
be a thrust, and mast, above that point, for 
some distance at least, become tension. 

3. The intensity of the horizontal span- 
drel thrust or pull in any layer (as between 
D" and D v ) is from equation (43) 

dH J (Vent !) d V Jy) 

~ dy ~ tij dy 

When H is positive (that is thrust) p x is 
negative, as it should be, since it is equal 
to the increment of the abscissas of the 
curve F G' G", etc. (Fig. 50), and these in- 
crements are decreasing from G" to G'. 
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At the point of rupture 

px = 0. (61) 

We can determine the point of rupture in 
three ways : First, by constructing the Fig. 
(50) and finding the inclination (i») corre- 
sponding to the maximum abscissa E'" GK". 
Secondly, by substituting the various values 
of i and V in the value of 

(H x - H) (eq. 59), 

and getting the maximum value of the ex- 
pression. The i which gives this maTimntn 
value corresponds to the point of rupture. 
Thirdly, by solving equation (61) p x = 0. 

4. The thrust along the rib at every point 
is from equation 40, 

T = V cosec. i, (62) 

and it is represented by the inclined lines 
F S' F S", etc., Fig. (50). 

The horizoyital component of this thrust 

is 

H = V cot. i = the abscissas of K S', etc., 

T 

which are always equal to H , the thrust at 
the crown minus the spandrel thrust be- 
tween A and the point in question 

. • . Br = V cot i = H - H. (63) 




Tliis is evidently a maximum at the point 
of rupture, or, since at the point of rupture, 

H = H, - Hm, 
we have 

H B =H -H, + 
But 

H„ -H, = V, co 
.-. Hh= V, cot. {, + Hm. (04) 

This horizontal thrust of the rib at D'" ia 
therefore to be balanced by the horizontal 
reaction of the abutment at B {= V t cot. i,) 
togther with the reaistance of the spandrel 
between B and D" {= H m ). When the arch 
is vertical at B, V, cot. i, = 0. 

5. In single arches it is necessary to 
know the point of application of the result- 
ant of the forces represented by {Y, cot. i L 
-\- Hm) in order to determine the stability 
of the abutments. Take moments with 
reference to the axis of abscissas M Y. 
Then if y tt = ordinate of point in question, 
and y m and y, be the ordinates of D"' and 
B, we have 

H R y K = (V, cot l,)y] +fydB 



= (V, cot. i,)y, + f "" ypxtly. 



1« 



** = 



>? -/L>*** 



Ha 



-- («) 




In this we neglect the spandrel forces above 
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T>"> so far as they affect the stability of the 
abutment. This can be done with safety. 

The line of pressures and depth of key- 
stone are determined as heretofore. 

Example 1. — Let the assumed form of the 
soffit be a semi-circle, and let the loading 
consist of the arch and backing of homo- 
geneous masonry carried up to a horizontal 
" extrados" M Y (Fig. 51). 

Place the radius of the arch = r 

Depth AY = ar 
Heaviness of the material = w 

Take the origin of co-ordinates at A and 
express the co-ordinates in terms of the in- 
clination i of the arch as on p. 217 Ran- 
' kinds G. E. 
Then 

Thrust at crown = H = p p = {'wr) v = war 
Vertical load on any arc = V = wr* 

{„ . . . cos. i sin. i i ) 
C a + 1) sin. i — J- 

Spandrel thrust on any arc A D 

H = H3 - V cot. i = tor 2 

C . . cos. * i i cos. i } 

| a _ (1+a)cos . l+ __ + ^- I _-£ 
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On A B this becomes (since th9 arch is ver- 
tical at B and C) 

H, =icai* = H„ 
. * . Em = V COt im • 

Intensity of spandrel thrust 

d (V cot »> 



= icr 



c i — cos. i sin. i > 

j(l + «)-co8.t- 2sin<i j 

The point of rupture is found by putting 
p % = o and finding the value of im by trials. 
As a first approximation 

t TO s arc. cos. — ^ — 

Thrust along the rib = T = V cosec i. 
At B this is 

Vl =^ (a+l-^). 
So 

Hr = Xi cot ii + Hot = Hot = icr" 

4 . COS. 2 im im COt. im ) 
j (1 + O) COS. Im £ 2 >, 

and 

yn = rr- I . px sin. i (I — cos. di. 

Example 2. — Let 

r = 20' AY = 2 5'. 
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Then 



2.5 



a== 20 = 



*-w = 150 lbs. (Fig. 52.) 
8 



6 




Then 

JL„=zwar % = 7500 lbs. 
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AlB. 









s 




Angle of rapture 



fm =arc.cos. 






= cos.- 1 .6875 = 4ti° 34* 



i 



Hi = H» = 60000 



.81X947 



1==- 



/ 
8164 lbs. 



Ill 

(Fig. 53) shows the manner in whieh 
the forces vary. From A to D (Fig. 52) 
there must be a pull in the spandrel to pro- 
duce equilibrium. The total amount of this 
pull is email, being 

= 3154 - 7500 = 654 lbs. 

To rid the arch of it, so that the part 
D'AD shall either be balanced under the 
vertical load alone or exert a thrust out- 
wards, instead of a pull inwards, we flatten 
the arc D'AD, A few trials will determine 
this flattening neiir enough for praetic 

Thus if D' A D (Fig. 54) is to be bal- 
anced under the vertical load alone, find 
the centre of gravity of the section D 1 A 
and its load. Draw a vertical line P through 
this point, then if we can draw a line from 
any point in the middle third of the joint 
D' parallel to the tangent to the arch there, 
and from its intersection wilh V draw a line 
parallel to the arch at A which will inter- 
sect A I, within the middle third, then the 
extreme points of the line of pressures in 
the section A D' will be within the middle 



Fig. bk. 
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third, and the line of pressures will generally 
be altogether within it. 

The. new radius required for the arc 
D l A D may also be determined roughly by 
putting H,, = war 1 = H R and thence get- 
ting r l since, if D l A D is to be balanced 
under vertical load alone, the horizontal 
thrust at every point of it must be the same 
and = H B , the thrust at D 1 and D. 
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i2mo, cloth 200 

CAM PIN on the Construction of Iron Roofs. By 

Francis Campin. 8vo, with plates, cloth 30a 

COLLINS. The Private Book of Useful Alloys and 
Memoranda for Goldsmiths Jewellers, &c By 
James E. Collins. i8mo, cloth 75 

CIPHER AND SECRET LETTER AND TELE- 
GRAPHIC CODE, with Hogg's Improvements. 
The most perfect secret code ever invented or dis- 
covered. Impossible to read without the key. By 
C. S. Larrabee. i8mo, doth. t 00 

COLBURN. The Gas Works of London. By Zerah 

Colburn, C. E. 1 vol ismo, boards 60 

CRAIG (B. F.) Weights and Measures. An account 
of the Decimal System, with Tables of Conversion 
for Commercial and Scientific Uses. By B. F. Craig, 
M.D. x vol. square 321110, limp cloth 50 

NUGENT. Treatise on Optics; or, Light and Sight, 
theoretically and practically treated ; with the appli- 
cation to Fine Art and Industrial Pursuits. By E. 
Nugent With one hundred and three illustrations. 
i2mo, cloth 2 00 

GLYNN (J.) Treatise on the Power of Water, as ap- ~ 

?lied to drive Flour Mills, and to give motion to 
'urbines and other Hydrostatic Engines. By Joseph 

2 
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Glynn. Third edition, revised and enlarged, with 
numerous illustrations, ismo, cloth $i oo 

HUMBER. A Handy Book for the Calculation of 
Strains in Girders and similar Structures, and their 
Strength, consisting of Formula and corresponding 
Diagrams, with numerous details for practical appli- 
cation. By William H umber, iamo, fully illus- 
trated, cloth 2 50 

GRUNER. The Manufacture of SteeL By M. L 
Gruner. » Translated from the French, by Lenox 
Smith, with an appendix on the Bessamer process in 
the United States, by the translator. Illustrated by 
Lithographed drawings and wood cuts. 8vo, cloth. . 3 50 

AUCHINCLOSS. Link and Valve Motions Simplified. 
Illustrated with 37 wood-cuts, and 21 lithographic 
plates, together with a Travel Scale, and numerous 
useful Tables. By W. S. Auchincloss. 8vo, cloth.. 300 

VAN BUREN. Investigations of, Formulas, for the 
strength of the Iron parts of Steam Machinery. By 
J. D. Van Buren, Jr., C. E. Illustrated, 8vo, cloth. 2 00 

JOYNSON. Designing and Construction of Machine 

Gearing. Illustrated, 8vo, cloth * 2 00 

JGILLMORE. Coignet Beton and other Artificial Stone. 
By Q. A. Gillmore, Major U. S. Corps Engineers. 
9 plates, views, &c. 8vo, cloth 250 

SAELTZER. Treatise on Acoustics in connection with 
Ventilation. By Alexander Saeltzer, Architect, 
iamo, cloth a 00 

THE EARTH'S CRUST. A handy Outline of Geo- 
logy. By David Page. Illustrated, i8mo, cloth. ... 75 

DICTIONARY of Manufactures, Mining, Machinery, 
and the Industrial Arts. By George Dodd. iamo, 
cloth 2 °° 

FRANCIS. On the Strength of Cast-Iron Pillars, with 
Tables for the use of Engineers, Architects, and 
Builders. By James B. Francis, Civil Engineer, 
x vol. 8vo, cloth * OS 




GILLMORE iGcl Q- A.I Tnae on I mri By- 
fcuCeKS3.ail(: ~ - - - 

Eagmeersg, IT. S» F.ie^. .jfcti 
fU-i-'t g Repcrts of 

" New York Orr. 




ilfa, zcktc Bt Q. A. GCancre, BitMa^ 

U. S- A-, MaTcr. Corps ce F.^' ...* * ■ i Witt 

crocs ^satnrxo&. i mt, !rc dadk few 

HARRISOX. Tbe Mcrfa^c^s Tool Boot, wkh Prat> 

fyj« Ri<fi ztA SpKcscxns nr Use oc j fad pi ii» 

44engrarings. ijbq, doth..... i j» 

HEXRICI (Otzss A Skektnn Scroctxaes, especially in 
ap p ficaiio c to the BnilcEng of Seed ami from 
By Oba HearicL With folding plates 

ivoL9vu,doth 300 

HEWSOX(Wm.) Principles and Practice of Embank 
ing Lands from River Floods, as applied to the Le- 
af the Mississippi. By Wiffiam Hewatm, Qrfl 

1 toL 8vo, doth a 00 

HOLLEY (A. L) Railway Practice. American and 

European Railway Practice, in the economical Gen- 

of Steam, windi n g the Materials and Con- 

of Coal- burnin g Boilers, Combostion, the 
-n'«~* v^~— i....:^— r^— — i..:. . c * - - 




Variable Blast, Vaporization, Circulation, 

ing, S upply i ng and Heating Feed-water, etc, 

the Adaptation of Wood and Coke-borning En|_ 

to Coal-burning; and in Permanent Way, "n-linfiwg 

Road-bed, Sleepers, Rails, Joint-fastrnmgs Street 

Railways, etc, etc. By Alexander L. HoUey, B. P. 

With 77 lithographed plates. 1 voL mho, doth uco 

K1NG(W. H.) Lessonsand Practical Notes on Stemn, 
the Steam Engine, Propellers, etc, etc, for Yoong 
Marine Engineers, Students, and others. By the 
late W. IL King, U. S. Nary. Revised by Chief 

# E ngineer J. W. King, U. S. Navy. Twelfth edition, 

enlarged. Svo, doth. s 00 

MTNIFIEfWm.) Mechanical Drawing. A Text-Book 
9f Geometrical Drawing for the use of Mechanist C 

4 
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«n& Schools, in which the Definitions and Roles of 
Geometry are familiarly explained; the Practical 
Problems are arranged, from the most simple to the 
more complex, and in their description technicalities 
are avoided as much as possible. With illustrations 
for Drawing Plans, Sections, and Elevationsof Rail- 
ways and Machinery ; ah Introduction to lsometrical 
Drawing, and an Essay on Linear Perspective and 
Shadows. Illustrated with over 200 diagrams en- 
graved on steel. By Wm. Minifie, Architect Sev- 
enth edition. With an Appendix on the Theory and 
Application of Colors, x vol. 8vo, cloth $4 00 

"It is the best work on Drawing that we have ever aeen, and ta 
especially a text-book of Geometrical Drawing lor the use of Mechanics 
and Schools. No young Mechanic, such as a Machinists, Engineer, Cabi- 
net-maker, Millwright, or Carpenter, should be without it."— SHmfyit 
American- 



Geometrical Drawing. Abridged from the octavo 



edition, for the use of Schools. Illustrated with 4S 
steel plates. Fifth edition. 1 vol umo, cloth.... a oc 

STILLMAN (Paul) Steam Engine Indicator, and the 
Improved Manometer Steam and Vacuum Gauges— 
their Utility and Application. By Paul Stillman. 
New edition. 1 vol i2mo, flexible cloth. . ••". 1 00 

SWEET (S. H.) Special Report on Coal ; showing its 
Distribution, Classification, and cost delivered over 
different routes to various points in the State of New 
York, and the principal cities on the Atlantic Coast. 
By S. H. Sweet With maps, 1 vol. 8vo, cloth 3 00 

WALKER (W. H.) Screw Propulsion. Notes on 
Screw Propulsion : its Rise and History. By Capt 
W. H. Walker, U. S. Navy. 1 vol. 8vo, cloth 75 

WARD (J. H.) Steam for the Million. A popular 
Treatise on Steam and its Application to the Useful 
Arts, especially to Navigation. By J. H. Wand, 
Commander U. S. Navy. New and revised edition. 
1 voL 8vo, cloth 1 00 

WEISBACH (Julius). Principles of the Mechanics of 
Machinery and Engineering. By Dr. Julius Weis- {, 
bach, of Freiburg. Translated from the last German 
edition. Vol. 1., 8vo, cloth 1000 

5 
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DIEDRICH. The Theory of Strains, a Compendium 
for -the calculation and construction of Bridges* Boom, 
and Cranes, with the application of Trisooomeb^cai 
Notes, containing the most comprehensive informa- 
tion in regard to the Resulting strains for a perman- 
ent Load, as also for a combined (Permanent »"d 
Boiling) Load In two sections, adadted to the re- 
quirements of the present time. By John Diedrich, 
C £. Illustrated by numerous plates and diagrams* 
8*0, cloth 5 oo 

WILLIAMSON (R. S.) On the use of the Barometer on 
Surveys and Reconnoissances. Part I. Meteorology 
in its Connection with Hypsometry. Part II. Baro- 
metric Hypsometry. By R. S. Wiliamson, Bvt 
. Lieut. -CoL U. S. A., Major Corps of Engineers. 
' With Illustrative Tables and Engravings. Paper 
No. 15, Professional Papers, Corps of Engineers. 
1 voL 4to, cloth 15 00 

POOK (S. M.) Method of Comparing the Lines and 
Draughting Vessels Propelled by Sail or Steam. 
Including a chapter on Laying off on the Mould- 
Loft Floor. By Samuel M. Pook, Naval Construc- 
tor. 1 vol. 8vo, with illustrations, cloth 500 

ALEXANDER (J. H.) Universal Dictionary of 
Weights and Measures, Ancient and Modern, rer 
duced to the standards of the United States of Ame- 
rica. By J. H. Alexander. New edition, enlarged, 
1 vol. 8vo, cloth 3 50 

BROOKLYN WATER WORKS. Containing a De- 
scriptive Account of the Construction of the Works, 
and also Reports on the Brooklyn, Hartford, Belle- 
ville and Cambridge Pumping Engines. With illustra- 
tions, z voL folio, cloth 

RICHARDS' INDICATOR. A Treatise on the Rich- 
ards Steam Engine Indicator, with an Appendix by 
F. W. Bacon, M. E. i8mo, flexible, cloth 1 «» 






. Modern Practice of Ihe Electric Telegraph. A 
ind JSook f.ir Electricians and operators. By Eranlt 
Pope Eighth edition, revised and enlarged, and 
]y iill unrated, dvo, cloth. t 



(MORSE. Examination t'f the Telegraphic Apparatus 
and the I'rw--- in l'.-l.jirrsri!iy. Hv Samuel H'. 
Morse, I,L.D., U- S. Commissioner Paris Universal 
Eiposition, 1867. Illustrated, 8vc, doth 
SABINE. Historyand ProgrewoF the Klectric Tele- 
tty Robert Salnnc, C E Second edition, with ad- 



CULLEV. A Hand-Hook of Practical Telegraphy. By 

R. S. Cnlley, Engineer to (he Electric ami Interna- 
tional Telegraph Company. l-'iMini", edition, revised 

and enlarged. Illustrated Svo, cloth ; 

BENET. Electro- Ballistic Machines, and the Srtiulli 
Chmnoscope. Hy Lieut.-Lol. S. V 1.,.-, ,..;. ■ .,■■.,. , 
of Ordnance. U. S. Army. Illustrated, second edi- 

If ICHAEL1& The Le Houlenge Chronograph, wilh 

■ !,,:■■ I. ■'.. ■',.:■ : ■■..1.1 .■■■ir.'i mib. i:-j 
Brevet Captain O. hi. Micl.ielis, First Lienlenint 
Ordnance Corps, U.S. Army, .to, doth | 

ENGINEERING FACTS AND FIGURES An 
Annual Regislerot' fmfn '■' ■ ■■ I 
ing and Construction, for the years US;. ',,,, fi 5 . lift. 
67, 63. Fullv illu-trated, 6 vols, .Brno, cloth, fijo 
per vol., each volume sold separately 

HAMILTON. Useful Information for Railway Men. 
Compiler! by W. G. Hamilton, KuEiiiecr. I- ifih erli 
lion, revised and enlarged, joa pages Pocket form. 










MERRILL. Iron Trass 
nfrrtf uH of calculating: 
ml comparison of the 
reference to economy in 
Brevet Cot William E. Maria, US 
Corps of Engineers, with nine mhographed plates of 

4to, doth 5 



WHIPPLE. An Elementary and Practical Treatise on 
Bridge Building. An enlarged and iui p iu ve d edition 
of the author's original work. By & Whipple, C £., 
itrrentor of the Whipple Bridges, Ac Illustrated 
8*o, doth 4 

THE KANSAS CITY BRIDGE. With an account 
of the Regimen of the Missouri River, and a descrip- 
tion of the methods used for Founding in that River. 

A By O Chanute, Chief Engineer, and George Morri- 
son, Assistant Engineer. Illustrated with five litho- 
graphic views and twelve plates of plans. 4to» cloth, 6 

8 
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MAC CORIX A Practical Treatise ok the Slide Valve 
• F i Tfrerrici t eiai i ii i i i ng by methods die action of the 
upon the Slide Valve, and expiasmng the 



wnceeni of laying one the moi 
the valve far its various dades in the : 
Far the ne of Fsy'iiiiiii, Draughtsmen* 
ta, and Sfraleuts of Valve Xotions in gene 
C W. Mac Cord. A. M . Professor or Me- 
Drawing, Steve n s* Insritnte of Technology, 
Hobofcen, N. jT dnetrated by 3 fail page copper- 
plates. 4to. cloth $4 os 

KJRKWOOa Report on die Filtration of River 
lasers, for die supply of eties, as practised in 
Europe. Bade id the Board of Water Commissioners 
of the City of Sc Louis. By James P KJrkwood. 
IQsmrased by jo doubte place engravings. 410* doth, 15 00 

PLATTXEJL Manual of Qualitative and Quantitative 
Analysis with the Biovr Pipe. From the last German 
edition, revised and enlarged. By Proc Th. Ricfater. 
of the Royal Saxon Mining Academy. Translated 
by Prof EL & Cornwall, Assistant in the Colombia 
School of Mines, Kew Tork assisted by John H. 
CasweD. ICostrated with 87 wood cms* and 



lithographic plate. Second edition, revised, 560 

PLYMPTOK. The Blow Pipe. A system of Instruc- 
tion in its practical use being a graduated conrse of 
analysts for the use of students, and all those engaged 
in the examination of metallic combinations. Second 
edit io n , with aa appendix and a copious index, Bv 
Prof. Geo W. Pjvssptoo, of the Polytechnic losti- 
tote, Brooklyn, K. T. izmo. cloth a 00 

PYKCHON. Introduction to Chemical Physics, design- 
ed for the use of Academies, Colleges and High 
Schools. Illustrated with numerous engravings, and 
containing co pi o us experiments with directions far 
uiepaiing them. By Thomas Roggies Pyocbon, 
M A-, Processor of Chemistry and die Natural Sci- 
ences, Trinity College, Hartford New edition, re- 
vised and enlarged, and fllustrated by 269 illustrations 
wood. Crown, 8vo» doth 300 

9 
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ELIOT AND STORER. A compendious Man] of 
Qualitative Chrmiral Analysis. By Charics W. 
kbot and Frank H- Storcr. Revised with the Co- 
operation of the authors. Br William R. Nichols* 
Professor of Chemistry in the Massachusetts Insti- 
tute of Technology Illustrated, iamo, doth. fi m 

RAMMELSBERG. Guide to a coarse of Quantitative 
Chemical Analysis, especially of Minerals and Fur- 
nace Products. Illustrated by Examples By C F- 
Ramarslsberg. Translated by J. Totrler, M. IX 
8vo, doth a >S 

EGLESTON. Lectures on DescriptiTe Mineralogy, de- 
livered at the School of Mines. Columbia College. 
By Professor T. Eglestou. Illustrated by 34 Litho- 
graphic Plates. 8vo, cloth 4 59 

MITCHELL. A Manual of Practical Assaying. By 
John Mitchell. Third edition. Edited by William 
Crookes, F. R. & 8vo, cloth. 1000 

WATTS Dictionary of Chemistry. New and Revised 
edition complete in 6 vols 8vo doth, $62.00- Sup- 
plementary volume sold separately. Price, doth. . . 9 00 

RANDALL. Quartz Operators Hand- Book. By P. M. 
Randall. New edition, revised and enlarged, fully 
illustrated, iamotdoth a 00 

SILVERSMITH. A Practical Hand Book for Miners, 
Metallurgists, and Assayers, comprising the most re- 
cent improvements in the disintegration amalgama- 
tion, smelting, and parting of the j redous ores, with 
a co m prehensive Digest of the Mining Laws. Greatly 
augmented, revised and corrected. By Julius Silver- 
smith, Fourth edition. Profusely illustrated, iamo, 
doth 3 00 

THE USEFUL METALS AND THEIR ALLOYS, 

indoding Mining Ventilation, Mining jurisprudence, 
and Metallurgic Chemistry employed in the conver- 
sion of Iron, Copper, Tin, Zinc* Antimony and Lead 
ores, with their applications to the Industrial Arts. 
By Scoften, Truan, Clay, Oxland, Fairbairn, and 
•then. Fifth edition, half calf. 375 

IO 
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JOVNSON. The Metal* used in construction, 1™, *■ 
Steel, Bessemer Metal, etc., etc. 11 y F. H. Joynson. 




VON COTTA. Treatise on Ore Deposits. By Bern- 
hard Von Cull v I'i.i..-. . ,.| (!■■<:, ...-y in the Royal 
School of Mines, IVitt.^. h.ix.iny. Translated 
from the second German edition, by Frederick 
Prime, Jr.. Mining Engineer, and re.ised by the au- 




UKF. Dic:ur.;nv u: Art-. M..i,i.I;ii;[iii-.-, .mil Mines. By 
Andre* Urc. M.U. .-[«tli edition, edited by Robert 




London, iB;i 3 vols Svn, doth, taj.oa. Half 




BKU- Chemical Phenomena of Iron Smelting. An 

cumtaanegwhii Kityoffiw Blast 
Furnace. The Temperature of the air, and the 
proper condition of the Materials lo be operated 




ROGERS. The Geology of Pennsylvania. A Govern- 
ment survey, Vtiili .1 irimei.i! .[.:.'.■ ,.:' ilie Geology of 
ihe Unitcil !M.iic-, \i-:-. ivs mi tin 1 'Ml I ormatinn and 
its Fossils, and !, tie, motion ui (tie Coal Fields of 
North America and Great Urilain. Ely Henry Dar- 
win }!., ..■„■:, mi- Sl.il- '.■■■■:■ ! vl'1^1,1 ■-v.v:i..:s. 
Splendidly illuhtrnle.! iiul, IM.it..-- ;imI L\u C ra vines 111 
IhcleJrt. 3 vols., 4 to, cloili with I'ortiulioof Maps, jo no 




BURGH. Modem Marine Engineering, applied to 
Paddle and Screw Propulsion. Consisting of 36 
tolored plates, 13,, lTamicil VI mil ' 111 Illustrations. 
and 403 pages 01 descriptive matter, the whole being 

Watt & Co, J° & G rfennl'', R P Napier fit Sons, 
and other celebrated firms, by N. P. Bureh, Engi- 




BARTOL. Treatise on the Marine Hollers of the United 

States. By B. H, Hanoi. Illustrated. S™, cloth.. . 1 go 
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BOXTRSTR. Treatise on the Steam Enc?** max various V. 

to Macs, MSs, Soma Xav^arioa. 

and Agriculture, with the theoretical s»- 

_ : Motive Power of Heat, 

proper p ropot ti o ns of steam « sgjii* s E2abe«- 

•taatma of every part, aad 

far the masixmctur* and man— 

of Engine in actnal me. 

John Bonnie, being die amth edition oc to A 




by jS plates and 546 wood ■ 
4*0, doth $15 

STUART. The Naval Dry Docks of the United 
Slates. By Charles B. Stuart late Engineer-in-Chief 
of the TJ. & Navy, nhstrated with 24 engravings 

Fourth edition, cloth. 6 



CADS. Systtm of Narad Defences. By Tames B. 

Eads, C E-, with to iDnstrations, 410, doth 50c 

FOSTER. Submarine Blasting in Boston Harbor. 
Massachuictti Removal of Tower and Corwin 
Rocks. By J. G. Foster, Lieut -CoL of Engineers, 
U- S. Army. Illustrated with seven plates, 410, 
doth. 3 5c 

BARM ES Submarine Warfare, offensive and defensive, 
sadudmg a discussion of the offensive Torpedo Sys- 
tem, its effects upon Iron Clad Strip Systems and in- 
fluence upon fbture naval wars. Bv Lieut Com- 
mander J. S. Barnes, U. S. N M with twenty litho- 
graphic plates and many wood cots. 8vo, doth.. ... 5 «c 

BOLLEY. A Treatise on Ordnance and Armor, em- 
bracing descriptions, discussions, and professional 
opinions concerning the materials, fabrication, re- 
quirements, capabilities, and endurance ot European 
and American Guns, for Naval, Sea Coast, and Iron 
Clad Warfare, and their Rifling, Projectiles, and 
Breech- Loading ; also, results of experiments against 
armor, from official records, with an appendix refer- 
ring to Gun Cotton, Hooped Guns, etc, etc By 
Alexander L. Holley, B. P., 948 pages, 493 engrav- 
ings, and 147 Tables of Results, etc, 8vo, half roan. 10 at 

12 
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l»laiAw,iaMa<liWKBl,«iAikii& 

■ . ..•:-. Ij-^-i Pr.~a: lu::., fit .= :"; 
at* RaBaaf Carru. I... 

BURT. K=r 10 the Sols Oman*, ml S uh c ju i ' j 

mv'nthe'ud: aao dwvcoii of *e Um^&h- 
.iptJ?sb:i Land? 

»«m« the Bjibmmj. lyiiM biotimn 
iwntffJaBUha BjW. A. mh U.S. 
IUpij Da nia Hm— 1 *Snoe. f oci« book 

THE PI-AXE TABLE. In w in Tope 

■ ■ ■■»■ '-:-:. :\-- ffcM .:" B* Utt 
•Ej. lUBInltd, Sto, cktfc 

lEFTER'S. Nintia] 8««w»mg Bf < 
Canon U- * N*tt. Ilhsnteel with 5 
aati ji wood cat ilimratwo*. fm, do 

CHAUVEXET. "1 111 1 ill ill f liii.Tniai nil 

Hues. umJ Bnprand method af Ftndnc (he btot 
ujd ntt of 1 rfironoOKler, by kjo»1 iMudu. Bf 
W. Cbwawt, LL D. !», doth 1 

BJtUNNOW. Spbcrial ABronomy. By F. Bnmnow. 
Ph. Dr. Tnatbned by the unbar from tb* would 

PK1KCE. Syni" of Aniiyac Mednnkx. By Ba- 

COFFIN. SiTiprior. ind N'jotiau AiaODooiy- Pre- 
pared far the w of Hit P. & Mini Academy. Br 
Prof. J H ' .Coffin. Fifth BtSrJaa, S a wood «e ilia*- 
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WjKTYT. APraexalTrtataeonPwe 
the dwenxx ocerenm of Rock 
Gmre&e* and tue Grade Phosphates of Irme and 



■"■£»; M 



%Can*pbdiMor£%M.D f with jSOswttaOre plates, 
&ro,doth.. jogs 

BARNARD. The Metric System' of Weights and 
Meaaores, An address delivered before the convoca- 
tion of the University of the State of New York, at 
Aibaor, Angost, 1*71. By F. A P. Barnard. LL.IX, 
President ofCoiumbia Coikge, New York. Second 
edition iron) die revised edition, printed for the Trus- 
tee* of Colombia College. Tinted paper, 8ro, doth 3 m 

— — Report on Machinery and Processes on the In- 
dustrial Arts and Apparatus of the Exact Sciences. 
By P. A. P. Barnard, LL>D. Paris Universal Ex 
000(1100,1867. Illustrated, 8vo, doth. 500 

BARLOW. Tables of Squares, Cubes, Square Roots, 
Cube Roots, Reciprocals of all integer numbers up ts 
j fO,ooa New edition, 1 *mo, cloth is 

I 14 
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MYER. Manual of Signals, for the oae of Signal officers 
in the Field, and for Military and Naval Students, 
Military Schools, etc A new edition enlarged and 
illustrated By Brig- General Albert J. Myer, Chief 
Signal Officer of the army, Colonel of the Signal 
Corps during the War o€ the Rebellion, iamo> 48 
plates, full Roan Isoo 

WILLIAMSON. Practical Tables in Meteorology and 
Hypsometry, in connection with the use of the Bar- 
ometer. By CoL R. S. Williamson. U. & A. 4S0, 
cloth a 50 

THE YOUNG MECHANIC Containing directions 
for the use ofall kinds of tools, and for the construc- 
tion of Steam Engines and Mechanical Models, in- 
cluding the Art ofTurning in Wood and Metal By 
the author "The Lathe and its Uses," etc From 
the English edition with corrections. Illustrated, 
lamoi doth 1 75 

PICKERT AND METCALF. The Art of Graining. 
How Acquired and How Produced, with description 
of colors, and their application. By Charles Pickett 
and Abraham Metcalt Beautifully illustrated with 
42 tinted plates of the various woods used in interior 
finishing. Tinted paper, ato* doth 1000 

HUNT. Designs for the Gateways of the Southern En- 
trances to the Central Park. By Richard M. Hunt 
With a description of the designs, ato. doth 5 00 

LAZELLE. One Law in Nature. By Capt. H. M. 
Lazelle, U.Si A new Corpuscular Theory, com- 
prehending Unity of Force, Identity of Matter, and 
its Multiple Atom Constitution, applied to the Physi- 
cal Affections or Modes of Energy, iamo, doth. . . z 50 

PETERS. Motes on the Origin, Nature, Prevention, 
and Treatment of Asiatic Cholera. By John C 
l'eters, M. D. Second edition, with an Appendix. 
i2mo, cloth 1 50 
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BOYNTON. Hiitorv of ffM Mot, ill Hib'tary In- 

Origin and H ■ ..rv Academy. 

Cylivt. Major C. t. Hovtikk,. A.M.. Adjutant of the 
Military Academy- Second edition, 416 pp. Sve r 
printed on rioted paper, beautifully illustrated with 
36 maps and fine eogiaviiigK, chiefly from photo- 
graphs taken DO the ipot by the author. Eitra 
doth... .......... ..... ........ S3 ja 

WOOD. West Point Scrap Book, being a collection of 
Legends, Stories, Songs, etc., of Ihe U S Military 
Academy, by Lieut 5. E Wood, O- S. A, Illu.- 
trated by 60 engravmej sod a copperplate map 
Beautifully pruned on tinted paper, gvu, doth 

WEST TOINT LIFE. A I'oem read before the Dia- 
lectic Society of the United Slate* Military Academy. 
Illustrated with Pen-and-lr.k -krichi.-* V.-: 1 r adet 

; .-■■■,: ■ ..,' ■ .. ■ :;,..,. ,,:, :■■ 

oblong Svo, Ji full page ill miration?, cloth. 



GUIDE TO WEST POINT and ihe U- S. Military 
Academy, with maps and engraving* rSmo, bine 
doth, flexible 
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